Liquid-state integral equation methods are employed to study the thermodynamic and structural properties of ideal and repelling rigid rods mixed with hard spheres in the limits when one of the species is dilute. The role of rod aspect ratio and sphere/rod size asymmetry is explored over a wide range of system parameters encompassing the colloid, nanoparticle, and crossover regimes. Novel predictions are found for the polymer ͑sphere͒ mediated depletion potentials and second virial coefficients of particles ͑rods͒ in dense polymer ͑sphere͒ suspensions. The adequacy of the closure approximations employed is tested by comparison with available numerical calculations and more rigorous theories in special limits. The liquid-state theory appears to be accurate for all properties in the nanoparticle regime and for the insertion chemical potential of needles and spherocylinders. However, it significantly underestimates depletion attractions effects in the colloidal regime of short rods and large spheres due to nonlocal entropic repulsion effects between polymers and particles not captured by the classic Percus-Yevick approximation.
I. INTRODUCTION
Polymer-colloid suspensions are ubiquitous in diverse fields of science and engineering. [1] [2] [3] Recent years have witnessed a resurgence of interest in the fundamental physical behavior of such systems which have a large number of industrial and biological applications. 4, 5 Both spherical ''colloids'' ͑micelles, proteins, microgels, quantum dots, nanoparticles,...͒ and polymers ͑synthetic or biological͒ can vary in global size from nanometers to microns. Recently, the development and application of a microscopic statistical mechanical approach to the equilibrium structure, thermodynamics, and phase behavior of such mixtures has been pursued. [5] [6] [7] [8] It is based on a fusion and generalization of liquid-state integral equation theory of spheres and polymers ͑polymer reference interaction site model, or ''PRISM,'' theory [9] [10] [11] ͒. So far, only high-entropy flexible chain systems have been considered. However, there are many experimental realizations of rigid ͑or nearly so͒ polymer rods including biological macromolecules ͑e.g., tobacco mosaic virus, cytoskeleton protein F-actin͒, synthetic polymers ͓e.g., polybenzylglutamate ͑PBLG͒, Kevlar, conducting polymers͔, and other supramolecular objects ͑e.g., carbon nanotubes, wormlike micelles͒ with aspect ratios varying from o(10 1 ) to o(10 3 ). The thickness of colloidal rods can be small, comparable to, or even larger than the ''particles.'' Often the rod polymers are used as additives to control the flow properties, structure, and/or competing equilibrium phase transitions ͑e.g., crystallization͒ and nonequilibrium processes ͑gelation, vitrification͒ of particle suspensions. [3] [4] [5] [12] [13] [14] [15] [16] On the other hand, dense polymer materials ''filled'' with hard colloidal or nanoparticles are also of great scientific and industrial interest, as are true composite polymer-particle mixtures. 17 Asakura and Oosawa ͑AO͒ were the first to study depletion phenomenon in mixtures containing macromolecules accounting only for entropic effects. 18 In their analysis, pure excluded volume interactions between particles of different sizes can induce an entropic attraction between the particles. In particular, for a binary solution containing spherical particles with diameter D and random coils with radius of gyration R g , the polymers were treated as phantom spheres that are allowed to fully penetrate other polymers but not the colloids. The attractive AO depletion potential in the limit DӷR g is given by
where r is the interparticle center-to-center distance and is the polymer number density. This approach generally overestimates the depletion effect when nondilute amounts of polymers are present in the mixture due to its neglect of interpolymer repulsions, and it is not applicable in the nanoparticle or semidilute polymer concentration regimes. Intense theoretical efforts are ongoing to develop better and more general theories for such flexible coil-based mixtures. [5] [6] [7] [8] [19] [20] [21] [22] [23] [24] [25] Far fewer theoretical studies have treated particle mixture systems containing rigid rod-like polymers. The AO approach has been used to consider the induced depletion interaction between flat plates in a solution of dilute rodlike macromolecules of length L and width d in the Lӷd regime. This knowledge can be used to determine the intermolecular depletion potential between two large spheres of surface-tosurface separation h within the Derjaguin approximation (DӷL,h) with the result 26 U s ͑ h ͒ϭϪk B TLR
This AO prediction has been compared to exact numerical evaluations previously and shown to be in good agreement in the Derjaguin limit. 3, 26 More sophisticated approaches have recently appeared which relax the low polymer density restriction, 27 ,28 but do not extend beyond the DӷL ''extreme colloid'' or the Lӷd ''thin rod'' limits and generally consider only the two particle problem. Mean-field statistical thermodynamic approaches have also been developed that address the latter issue, but neither the former limitation nor the role of polymer-polymer interactions. 22, 29 The goal of the present paper is to initiate study of rigid rod-colloid suspensions within the microscopic PRISM framework. The focus is on excluded volume interactions corresponding to a purely entropic mixture. The two fundamental limiting cases are studied: 1 or 2 particles dissolved in a rod polymer solution, and 1 or 2 rigid rods dissolved in a hard sphere fluid. Section II briefly describes the simplest version of PRISM theory employed in this work, and the various molecular models of rod-polymers studied. Sections III and IV present thermodynamic and structural results for the pure rod solution, and elementary mixture problems involving only a couple of rods and spheres. For these systems, comparisons with existing computer simulations are carried out to test the statistical mechanical approximations. Depletion potentials and second virial coefficients for a pair of particles dissolved in a dense, strongly interacting athermal rod solution are also treated in Sec. IV, and comparisons with other approaches are presented. The role of solvent quality, polymer concentration, and size asymmetry is deduced. Section V studies the analogous questions for the more poorly understood inverse problem of a few rod polymers dissolved in a hard sphere fluid. The paper concludes in Sec. VI with a brief summary, analysis of the limitations of the theory, and discussion of future directions and applications.
II. THEORY
We are interested in ternary mixtures of polymer rods, spherical particles, and small molecule solvent. To simplify the problem, the solvent is treated as a background continuum ͑vacuum͒ whose chemical nature only influences the effective pair interactions in a binary mixture of rods and particles. We focus exclusively on the ''dilute'' limits of 1 or 2 polymers dissolved in a hard sphere fluid, and 1 or 2 hard spheres dissolved in a rod-polymer solution.
A. Formulation and molecular models PRISM theory 9, 30 is a generalization of the small molecule RISM theory of Chandler and Andersen 11 and is based on an interaction site representation of molecules and a generalization of the matrix Ornstein-Zernike equation. 9, 11 The latter relates the total intermolecular site-site pair correlation functions as a function of scalar site separation h i j (r) ϭg i j (r)Ϫ1, the intermolecular site-site direct correlation functions C i j (r), and the intramolecular structure factors i (k), where the subscripts i and j denote the mixture species, r denotes the real-space separation, and k denotes the Fourier space wave vector. In Fourier space, the PRISM matrix integral equations for molecules composed of identical interaction sites are
where explicit end effects for polymers have been ignored. 9 In the dilute limits of interest, these coupled integral equations rigorously decouple, allowing sequential and independent solution. The collective partial structure factors are given by
We consider hard sphere colloids characterized by a diameter D, s (k)ϭ1, and reduced density s D 3 . A spherical interaction site model of a rigid rod is adopted, which has the virtue of being naturally generalizable to treat chain semiflexibility and site-site intermolecular attractive or repulsive tail potentials. The intramolecular structure factor, p (k), is given by
where N denotes the number of monomers ͑sites͒ and l the bond length. We consider the ''tangent bead'' case where the site hard core diameter dϭl. We also consider a continuum analog defined by the limiting procedure N→ϱ, l→0, L ϭN l, which corresponds to a continuous rod with a structure factor
now normalized to unity at kϭ0. A smooth spherocylinder can be modeled by assigning a hard core diameter of d to all sites. This model mimics purely athermal, good solvent conditions. The infinitely thin ''needle'' model follows in the d →0 limit, and crudely mimics ''ideal'' or ''thetalike'' solvent conditions where the rods can pass through each other but not the colloidal particles. This simplified model has been much studied by others in order to reduce the complexity ͑theoretically or computationally͒. 29, 32, 33 Globally isotropic orientations for the rod particles are assumed throughout this work, which limits our study to rod concentrations below any isotropic-nematic phase transition. For long, thin rods (Lӷd), the Onsager theory 31 predicts a purely nematic phase emerges at a rod site number density of p,NI Х4.25/Ld 2 , and our calculations will be reported in units of this critical value. However, one should keep in mind that finite L/d corrections can increase this value considerably, so we shall report calculations up to, and moderately exceeding, rod site densities of 4.25/Ld 2 . When the rod site density is below p,NI , the isotropic rods still can strongly interact above the dilute-semidilute crossover concentration p *ϳ3N/(4R g erally much lower than the I-N phase transition for rods with large aspect ratios. For L/dϽ100 or so, greater than two-body ͑second virial͒ interactions are important in the isotropic phase. 31, 34 We close the integral equations with the site-site Percus-Yevick ͑PY͒ approximation, which has been shown to be quite accurate for the pure components. 9, 11, 35 For the athermal mixture the PY closure is given by
where R i j is the distance of closest approach between the interaction sites of type i and j. For the additive local excluded volume case of interest, R ps ϭ(dϩD)/2. The simplified ''ideal'' needle model corresponds to d→0, and hence C pp (r)ϭ0 for all r. The integral equations are solved numerically using a standard Picard iteration procedure. 9, 35 Two dimensionless ratios define the material specific molecular parameters of our model: 34 or conducting polymers, mixed with nanometer-sized colloids. ͑iii͒ LϳDӷd, a common crossover situation for many colloidaltype particles and 10-100 nm long rods. ͑iv͒ DӷLӷd, as for the classic case of micron-sized colloids and modest degree of polymerization rods. Note that for cases ͑ii͒-͑iv͒ the approximation of a rod by a needle is plausible. We shall present model calculations that address all four of these situations.
B. Thermodynamics and depletion potentials
We deduce all thermodynamic properties based on standard relations 11, 37 between structure and thermodynamics using the compressibility route which prior studies based on the PY closure have shown to be the most accurate. [6] [7] [8] [9] An average thermodynamic measure of the depletion attraction between two infinitely dilute spheres ͑rods͒ in a polymer ͑sphere͒ solution is the colloid (B 2 ss ) or polymer (B 2 pp ) second virial coefficient
and its dimensionless counterpart normalized by the bare excluded volume analog
where B 2 HS ϭ16R 3 /3 for hard spheres. We are also interested in the excess chemical potential for the addition of a single rod to a pure, hard sphere fluid. It can be determined from thermodynamic integration of the polymer-sphere direct correlation function 6,8,11
The spatially resolved potential of mean force ͑PMF͒ between sites of type j is ␤U j j ͑ r ͒ϵϪln͓g j j ͑ r ͔͒. ͑10͒
For mixtures containing dilute spheres and rod polymers, the sphere-sphere pair correlation function is given by g ss (r) ϭ1ϩ p W s (r) for rϾR ss , where
The analogous expression for dilute polymers in a sphere fluid follows by exchange of the p and s labels. In the limits of dilute polymer concentration ͓i.e., W s (r)Ӷ1͔, the total polymer structure factor becomes the intramolecular structure factor, and the depletion potential becomes proportional to polymer density, ␤U s (r)ϷϪ p W s (r), with
Before proceeding to applications, we make a few comments on the reliability of the site-site PY closure approximation. Recent analytic PRISM studies of mixtures consisting of flexible Gaussian coil polymers and hard spheres have also employed the PY closure approximation. 6 For the ''nanoparticle'' regime where the polymer is of order or much larger than the sphere, the errors incurred by the PY approach appear to be remarkably small for many thermodynamic properties obtained using the compressibility route. But, as the large colloid regime is entered, the errors for some properties such as the depletion potential rapidly increase and the entropic attraction is underpredicted. 8 A deep understanding of the limitations of the PY approximation has been developed very recently for random coil-sphere systems, and two distinct issues are relevant. 5, 7, 8 ͑i͒ Neglect of the restriction of polymer conformation fluctuations due to the presence of hard particles inherent to the local nature of the PY approximation for the polymercolloid direct correlation function. Recent work has proposed and successfully applied modified PY ͑m-PY͒ closures for the polymer-colloid direct correlations which include in a thermodynamically self-consistent manner nonlocal entropic repulsion effects. 5, 7, 8 However, this approach is more mathematically complex and its formulation for macromolecules that are not random coils is an open problem. Thus, in this first exploratory study the simpler PY closure for polymercolloid direct correlation is used. Moreover, a priori it is not obvious that the nonlocal conformational restrictions important for flexible coils near hard particles are as important, or of the same physical nature, as for rigid rods. ͑ii͒ As is well known from hard sphere mixture studies, 38 the linearized nature of the PY approximation for the colloid-colloid direct correlation function in mixtures can fail for some questions as the size asymmetry gets large and the depletion attractions acquire a strengthӷk B T. It has been previously shown that under these extreme circumstances use of the hypernetted chain approximation ͑HNC͒ 11, 35 results in a qualitatively correct description of the depletion attractions between large colloids induced by small polymers. 6 Hence, we shall present a few calculations based on the HNC closure
where W s is given by Eq. ͑12͒.
III. ROD-POLYMER SOLUTIONS
We consider first the thermodynamic predictions of PRISM-PY for isotropic solutions of tangent bead rigid rods. A Monte Carlo study by Williamson and Jackson 39 determined the second virial coefficient (B 2 pp ) of a pair of tangent hard sphere rods over a wide range of degree of polymerization. We have performed numerical PRISM-PY calculations for this quantity over the range Nϭ8 -400. The precise numerical values are given elsewhere, 40 Hence, the quantitative error is modest and essentially independent of aspect ratio and precise rod model. Figure 1 shows the quantity N/Ŝ pp (kϭ0)Ϫ1 as a function of reduced rod site number density, p / p,NI , and several aspect ratios L/d. This quantity corresponds to the nonideal part of the inverse dimensionless polymer compressibility. For small reduced densities and/or Lӷd, a linear behavior is found corresponding to the well-known second virial limit. When reduced density is not small and/or the aspect ratio is modest, superlinear behavior is found, indicating the importance of three-body and possibly higher order interactions in the isotropic phase. Significant deviations from second virial behavior persist up to L/dϳ100. As demonstrated below, rod-rod repulsions that emerge above the dilute-semidilute crossover concentration can strongly modify ͑reducing the strength relative to ideal needles͒ rodinduced depletion attractions between particles under athermal solvent conditions.
IV. DILUTE SPHERE SUSPENSIONS

A. Cross second virial coefficient
The cross second virial coefficient, B 2,ps , quantifies the excluded volume interaction between a single rod and a single sphere. For an interaction site model of rods, its theoretical calculation is a highly nontrivial problem. Within PRISM theory, it is calculated by solving the integral equation for h ps (r) and C ps (r), with B 2,ps being determined entirely by the kϭ0 value of the polymer-sphere direct correlation function. 6 The inset in Fig. 1 compares our theoretical predictions and the ͑nearly͒ exact geometry considerations when the rod is either a needle or approximated as a sphere of diameter twice its radius of gyration. The latter is a popular ͑over͒simplification of a macromolecule. The figure shows that the PRISM-PY predictions are least accurate near LϷR but within 20% or less of the geometric excluded volume over all size ratios (L/R). This level of accuracy is comparable to the pure rod second virial results. As expected, approximating a rod as a ͑small͒ sphere works in the DӷL limit but worsens rapidly as LϾD. A similar level of quantitative inaccuracy is expected for long rods with finite thickness.
B. Depletion attraction in the dilute needle limit
The depletion potential for the limiting case of two spheres plus a single infinitely thin rod ͑needle͒ has recently been treated exactly using numerical integration methods by Yaman, Jeppesen, and Marques ͑YJM͒. 26 Following standard convention, 27 the polymer-mediated sphere-sphere potential of mean force ͑PMF͒ in units of p through lowest ͑first͒ order in polymer density can be written as
where hϭ(rϪD). This equation is the defining relation for the so-called first virial function K 1 (h/L) appropriate for a dilute rod solution. It has been numerically determined exactly, and can be compared to the PMF predicted by PRISM-PY using Eq. ͑12͒. In the DӷL Derjaguin limit, agreement. However, as the colloidal regime is entered PRISM-PY predicts a systematically shorter-range depletion attraction.
The inset shows a comparison of theory and the exact result for the depletion attraction strength at contact (h ϭ0). In the limit L/DӶ1, PRISM significantly underestimates the exact results by approximately a factor of 4.5, consistent with its underestimate of the spatial range of the depletion potential. However, for long needles (R g ϭL/ͱ12 ϾR), nearly exact agreement is found. In the regime where R g /RϾ1, both PRISM-PY and the exact approach find
The disagreement between PRISM-PY and the exact results in estimating the strength of the sphere-sphere PMF can be attributed to the application of the PY closure on the site level when the spheres are so large they are insensitive to the individual rod sites. When DӷL, the spheres become wall-like, and the rod polymers cannot be sensitive to the curvature of the spheres. The ''wall PRISM'' theory is known 6 to underestimate the depletion attraction when compared to scaling approaches and field theoretic methods, and it is the origin of the errors PRISM-PY makes in the colloid regime. This is the same qualitative situation as found previously for Gaussian random coil polymers. 
C. Depletion attraction in athermal rod solutions
The role of rod-rod repulsions on the depletion potential is considered in Fig. 3 . The reduced polymer density ͑C b ϭ poly dL 2 defined in terms of the molecular number density͒ is increased up to the I-N transition ͑C b,NI ϳ4.2 à 1a Onsager͒. The spherocylinder rod model is employed to allow comparison with recent calculations of Mao, Cates, and Lekkerkerker 27 for similar values of aspect (L/d) and size asymmetry (D/L) ratios. Figure 3 shows results for the potential of mean force for L/dϭ20 and D/Lϭ20 corresponding to the extreme colloid regime. With increasing rod concentration the depletion attraction strengthens and a repulsive barrier emerges due to many rod packing effects. The firstorder perturbation in rod density PRISM analysis reproduces the contact value of the full PMF with good accuracy, but deviates significantly from the full solution even at short distances away from contact. The inset of Fig. 3 shows an expanded view of the repulsive barrier region for a wide range of rod concentrations. Repulsive barriers ϳ1-3 k B T are predicted at high rod densities. Physically, the location of the repulsive barrier can be expected to correlate with the physical mesh rod ͑''blob''͒, or density-density correlation, length scale 41 of the rod solution. This interpretation is consistent with the monotonic reduction of the barrier location with increasing polymer concentration. The amplitude of the repulsive barrier appears to grow superlinearly with increasing rod density, and the variation of its location and intensity with increasing rod density is examined for various L/d and D/d in Fig. 4 . We find that rod is a rather strongly decreasing function of rod density puted the potentials of mean force between large spheres (D/Lϭ20) diluted in a short and thin cylindrical rod solvent (L/dϭ20) by numerical solution of a self-consistent integral equation which contains contributions from all orders in polymer density. Two important approximations were made in their analysis: ͑i͒ dӶL thin rod assumption, and ͑ii͒ D ӷL large sphere assumption allowing use of the Derjaguin approximation for computing depletion potentials between spheres by treating the analogous two parallel plate ͑surface͒ problem. Although the full numerical solution to the integral equation is exact within the above simplifications, it is computationally difficult to obtain solutions due to the high dimensionality of the relevant integrals. Thus, a simpler virial expansion approach was also investigated yielding for the PMF 27,28
where C b is the dimensionless reduced rod density defined at the beginning of this subsection, and K 2 (h), K 3 (h) are numerically determined functions. 27, 28 The o(C b ) term K 1 (h) is given by ͑2͒ and was found to predict the contact value of the potential W s (hϭ0) quite well when compared to the full numerical solution at all the rod densities considered. The second-and third-order contributions are necessary to capture features such as a repulsive barrier in W s (h). However, the virial expansion proves to be unreliable as the o(C b 2 ) term severely overestimates the height of the repulsive barriers, and upon adding the o(C b
3 ) term the PMF shows no repulsive barriers at high rod densities when compared with the full numerical solution. 27, 28 Thus, convergence of the virial expansion appears to be painfully slow and oscillatory.
The comparisons in Fig. 3 demonstrate that the approximate ͑but infinite order in rod density͒ PRISM-PY theory predicts a faster decay of the PMF than the Mao et al. 27 full numerical results which in the dilute rod limit scale as a cubic function of the distance from contact. For the cases examined in Fig. 3 , PRISM-PY predicts a smaller rod mesh and weaker repulsive barrier. This trend of underestimation is also observed in the calculations of depletion strength at contact, W s (hϭ0), as shown in Table I . The PRISM-PY results are approximately a factor of 3 smaller than the Mao et al. results 27 at the given densities. This is similar to the conclusion of previous studies of mixtures containing Gaussian coils and spheres. 8 The R g ϾD regime cannot be examined by the Mao et al. 27 approach because of the simplifications associated with the DӷL Derjaguin approximation.
In an attempt to better understand the origin of the differences between our results and those of Mao et al., 27 we first tested within the PRISM-PY framework the validity of the thin-rod and Derjaguin approximations for the L/dϭ20, D/Lϭ20 case. To examine whether this mixture system is in the Derjaguin limit, three systems with D/Lϭ10, 20, 40 were studied with L/d fixed at 20. The potentials of mean force for these cases overlap when normalized ͑not plotted͒, suggesting that the magnitude of the PMF is directly proportional to the ratio D/L consistent with the Derjaguin approximation.
The thin-rod approximation was then tested by analyzing the three cases of L/dϭ10, 20, 40 with fixed D/Lϭ20. The PRISM-PY predictions ͑not plotted͒ show the strength of PMF is proportional to rod aspect ratio at low reduced rod densities (C b ӶC b,NI ). However, at higher reduced rod densities the range of the depletion interaction increases with rod density, as do the magnitude of the repulsive barrier and the rod mesh size. 27 results in Table III show an enormous overestimation of the barrier height based on the o(C b 2 ) treatment relative to the full numerical calculation. More importantly, the Mao et al. theory predicts that the barrier actually decreases as C b increases above unity. This does not seem physically reasonable, and strongly conflicts with PRISM-PY. Indeed, the Mao et al. analysis finds the maximum amplitude of the repulsive barrier scales as 10 Ϫ3 k B T (D/2d), far smaller than found from PRISM and presumably a reflection of a large underestimation by the thin-rod model of rodrod repulsion effects at high polymer concentrations.
D. Second virial coefficient
Using Eq. ͑8a͒, the sphere-sphere second virial coefficient is given by
͑16͒
It is a measurable thermodynamic property that is an integrated measure of depletion attractions, and has recently been shown to correlate with interesting physical phenomena such as crystallization. 42 We compute this quantity, and the corresponding PMF, for the athermal linear tangent bead rod model and several values of rod lengths and sphere diameters that span the wide range relevant to experiments. Three main regimes of depletion interactions can be identified: ͑I͒ the ''colloid'' regime for dӶLӶD; ͑II͒ the intermediate regime for dӶDϳL, and ͑III͒ the nanoparticle regime for LӷD. Figure 5 shows results for the PMF at high rod density in a normalized format to emphasize the potential shape and range. The attraction near contact increases strongly with D/L. Repulsive barriers are observed for large spheres in the colloid and intermediate regimes at a location correlated with the rod length, but absent in the featureless nanoparticle case. In the colloid regime, oscillations with a wavelength of approximately the rod segment length ͑or thickness͒ emerge, suggesting that the interactions between large colloids are mediated by the packing and local structure of an individual rod. In this regime the overall range of the depletion potential is ϳ0.8 L. The corresponding results in the dilute rod limit are shown to reveal the role of rod-rod repulsions. For LϽD, they are vastly different in shape and decay much more quickly. However, for LӷD there is close agreement with the high rod density behavior since the depletion attraction is weak and spatially long ranged compared to the nanoparticle size.
The normalized B 2 ss as a function of the scaled rod segment density is shown in Fig. 6 for the same three cases examined in Fig. 5 . There are several interesting features. ͑i͒ In all cases, B 2 ss decreases monotonically with increasing rod concentration, as previously found by Chatterjee. 43 This behavior is in contrast with the analogous behavior for random or self-avoiding walk polymers, where B 2 ss goes through an attractive minimum at the dilute-semidilute overlap concentration. 6, 8, 21 The latter phenomenon has been experimentally observed 44 and is well predicted by PRISM-PY theory. 6, 8 It arises due to a competition between increasing depletion strength and decreasing spatial range ͑due to screening and physical mesh formation͒ as polymer concen- 41 ͒, so the competition does not manifest itself as a minimum. This behavior could be tested by light scattering measurements. ͑ii͒ B 2 ss does not become negative for any p р p,NI in the colloid regime. Again, in contrast with random coil polymer systems, 6, 8, 21 the normalized B 2 ss curves display a nonmonotonic dependence on size asymmetry L/D, and the maximum attraction is quite modest ͑ϳϪ1͒ below the isotropic-nematic transition density. However, these trends are expected to be sensitive to the closure approximation since PRISM-PY underestimates depletion interactions in the colloidal regime.
Following prior work 6, 8 and Sec. II, we have also considered the predictions of PRISM using the HNC closure for particle-particle direct correlations which always predicts stronger depletion attractions in the colloidal regime. From  Fig. 6 one sees that B 2 ss again decreases monotonically with rod density, but above the dilute-semidilute concentration increasingly larger attractions emerge which ultimately change the ordering of the curves ͑compared with the PY closure results͒, and conform to the intuition of enhanced depletion attraction as size asymmetry D/L grows. For the Lӷd nanoparticle case, the depletion attraction is weak compared to thermal energy, so that the HNC and PY results are essentially identical as expected. 6, 8 If the rod-rod interactions are turned off ͓C pp (r)ϭ0 for all r͔, roughly achievable experimentally by using solvents, B 2 ss decreases monotonically with increasing rod density for all three regimes. The depletion attraction is stronger than the athermal case at nondilute rod densities of roughly p Ͼ0.04-0.1 p,NI . This can be a large effect and physically corresponds to rod-rod repulsions reducing the tendency of polymers to be excluded from the region between the particles.
Finally, the inset of Fig. 6 examines the influence of particle diameter to rod thickness ratio (D/dϳ0. for the LӷD nanoparticle case. For ''mesoscopic'' spheres (D ӷd), the normalized second virial coefficient monotonically decreases with D/d. Interestingly, however, this trend reverses and changes qualitatively when the nanoparticle becomes comparable or smaller than the rod thickness. In addition, a weak minimum emerges at very high rod densities, and it becomes deeper and more pronounced as D/d decreases below unity. These behaviors reflect a physically distinct regime, not analogous to the minimum feature observed for nanoparticles in random coil polymer solutions near the semidilute threshold concentration. 6, 8, 21, 44 Rather, it would seem to be associated with the nanoparticle beginning to ''see'' the rod as a flat wall ͑from a cross-sectional area perspective͒. This regime is relevant to experimental systems such as small globular proteins or nanoparticles dissolved in a colloidal rod suspension.
V. DILUTE POLYMER SUSPENSIONS
The problem of 1 or 2 polymer rods dissolved in a hard sphere fluid is far less studied and understood than the classic inverse problem considered in Sec. IV. Here, we apply PRISM-PY to this problem, and compare with other theoretical approaches where available.
A. Insertion chemical potential and rod-particle correlations
The central physical quantity of recent mean-field, phantom sphere free-volume theories of the phase behavior of rod-colloid mixtures is the excess chemical potential to insert a single rod into a hard sphere fluid. 22, 29 Based on the spherocylinder or needle model, this quantity can be approximately computed using classic scaled particle theory ͑SPT͒.
29, 32 For ideal needles, the simple analytic result is
where s ϭ(/6) s D 3 is the sphere packing fraction. Representative predictions for needles are shown in Fig.  7 , along with the analogous SPT predictions for L/dϭ20 spherocylinders. 29 For LӷD, the insertion chemical potential of needles is extensive in length and hence a slope of unity is found. The insertion chemical potentials for finite width spherocylinders are larger, and for LӷD increase nonlinearly with L and much more rapidly than for needles as expected physically. For LӶD, limiting, model-independent values are approached corresponding to the leading term in ͑17͒. The PRISM-PY predictions for needles and spherocylinders are also shown in Fig. 7 . Qualitative agreement is found under all conditions. Quantitative differences between PRISM and SPT are р25% at all sphere densities, and are greatest in the LϳD crossover regime where the SPT pre- dicts larger insertion chemical potentials. Interestingly, this crossover regime is where PRISM-PY underpredicts the cross second virial coefficient ͑Fig. 1͒.
The inset of Fig. 7 explores the role of macromolecular geometry by comparing PRISM-PY predictions for needles and ideal random coils 6 using the radius of gyration as the common measure of polymer size. When R g ӷD, the linear dependence of the insertion chemical potential on degree of polymerization manifests itself as a slope of 2 for random coils, and the insertion chemical potential is larger than its needle counterpart. However, as R g /D decreases below unity, the ratio of the coil to needle insertion chemical potentials decreases in a particle packing fraction-dependent manner. For small polymers, coil insertion relative to needle insertion becomes progressively more difficult as the colloid density increases ͑and hence the available ''free volume'' decreases͒. This trend suggests an interesting change not only in mean size, but geometry, of the free volume in the hard sphere suspension with increasing particle density.
Examples of the needle-sphere site-site pair correlation functions are shown in Fig. 8 for LӷD and LϽD at three sphere packing fractions. At low sphere density, a classic ''depletion hole'' is observed with a range correctly correlated with rod length L. The inset shows an expanded view of the near contact region. The ''local hole'' is less deep with increasing particle density and/or smaller L/D. The former trend represents a many-particle ''screening effect'' associated with a decreasing sphere correlation length as s increases.
For all situations, the profile initially grows as ϳ(r ϪR) 1/2 . Based on simple scaling arguments combined with the wall virial theorem, 21 it is well known that for dilute rigid rods near a planar wall ͑LӷD limit͒ the profile must increase linearly with separation to be consistent with the ideal gas law. PRISM-PY theory violates this scaling, as previously found for random coils. 6 The sublinear scaling corresponds to an underprediction of local depletion, consistent with our prior findings in this paper for the colloidal regime. Correction of this local structural feature is the key to improved thermodynamic predictions. 7, 8 However, for the LӷD nanoparticle case, the profile error is proportionally of much less importance since it is localized to separations ϳR while the overall depletion hole is of width ϳL due to polymer connectivity; 6, 8, 21 this is consistent with our findings above of excellent quantitative agreement between compressibility route PRISM-PY and numerically exact calculations when LӷD.
As the particle density increases, the rod-sphere correlations display oscillatory layering. This represents an ''imprinting'' of the particle structural correlations on the rod segment spatial distribution that becomes stronger as L/D decreases. These trends are qualitatively the same as found for random coil polymers. 5, 8 
B. Depletion attractions and second virial coefficient
For two finite thickness rods dissolved in a hard sphere fluid, the second virial coefficient B 2 pp is given by high sphere density, the potential of mean force exhibits oscillations with a wavelength ϳd and a repulsive barrier at a distance ϳD from contact. The sphere size controls the primary length scale of the PMF. In the colloidal case ͓Fig. 9͑a͔͒, the depth ͑height͒ of the primary minimum ͑repulsive barrier͒ is a modest fraction of the thermal energy. However, the total interactions between two rods is ϳN 2 that at the monomer level. Hence, repulsive barriers between two rods may be as large as ϳ0.04k B T•N 2 ϭ4k B T. The amplitudes of the primary attractive wells grow nearly linearly with reduced sphere density, while the amplitudes of the repulsive barriers grow superlinearly with the volume fraction of the spheres. These PMF features could have implications for rod self-assembly and/or aggregation in sphere suspensions, including possible kinetic stabilization/frustration. The nanoparticle case of Fig. 9͑b͒ shows roughly the same features, but quantitatively weaker, and overall the PMF tends to be more repulsive. Strong superposition of the rod thickness length scale is now observable as a modulation of the colloid size-controlled features.
PRISM-PY predictions for B 2 pp are given in Fig. 10 For comparison, the analogous results are shown for ''ideal'' noninteracting spheres defined as g ss (r)ϭ1 or Ŝ ss (k)ϭ1. This is an effectively ''continuum fluid'' limit where local hard sphere packing correlations are ignored. The reduced polymer second virial coefficient is now a monotonically decreasing function of sphere density, and more attractive than in the presence of sphere-sphere repulsions. Thus, particle correlations tend to reduce rod-rod clustering, in analogy with the inverse problem where rodrod repulsions reduce the depletion attraction between a pair of spheres. This effect becomes less pronounced as L/D increases due to the ''self-averaging'' ͑in the determination of B 2 pp ͒ of the local fluid structure by very long rods. The inset of Fig. 10 examines the nanoparticle case in more detail. B 2 pp decreases monotonically as a function of s D 3 , which implies the integrated depletion attraction between the rods grows stronger with increasing sphere density. The attraction is also enhanced as sphere size grows larger at fixed volume fraction. As the spheres become smaller, the rod-rod depletion interaction becomes less sensitive to the sphere size. interaction is still mediated by particles and a significant attraction is present which reduces the repulsive second virial coefficient by a factor of ϳ2. This behavior stands in contrast to the classic model of small molecule solvent as a vacuum or structureless continuum for which B 2 pp ϭ1 for all s D 3 , and might be relevant to the interpretation of experimental measurements of rod interactions in small molecule solvents.
VI. SUMMARY AND CONCLUSIONS
We have employed PRISM-PY theory to numerically study the fundamental depletion problems of 1 or 2 particles in rod polymer solution, and 1 or 2 polymers in a hard sphere fluid, over a wide range of rod/particle size asymmetry, rod density up to the ͑estimated͒ isotropic-nematic phase transition, particle volume fraction, and rod aspect ratio under both athermal and ideal-like solvent conditions. Our primary conclusions for dilute sphere mixtures are as follows.
͑i͒ Comparisons of the PRISM-PY predictions for the potential of mean force between spheres with numerically exact results ͑needles͒ 26 and more rigorous theory 27 ͑sphero-cylinders in the Lӷd thin rod and DӷL extreme colloid limit͒ show PRISM-PY underestimates both the magnitude at contact ͑by a factor of ϳ3-4͒ and spatial range of the PMF, although the relative trends with rod density are well described. The errors in the dӶLӶD regime are consistent with previous studies in mixtures of flexible chains and colloids, 6, 8 and qualitatively understandable as a consequence of the local nature of the PY closure for polymercolloid direct correlations. 5, 7, 8 At high rod densities, a significant repulsive barrier in the PMF is predicted to emerge which grows in amplitude as L/D and D/d increase. The repulsive barrier feature is not properly accounted for by theories based on the thin rod and Derjaguin approximation. 27, 28 ͑ii͒ As the LӷD extreme nanoparticle regime is entered, the PMF becomes nearly featureless at all isotropic rod solution concentrations, the repulsive barriers disappear, and the differences between ideal and athermal solvent conditions are small. The PRISM-PY predictions for the PMF are quantitatively accurate for the depletion potential when compared to exact calculations for dilute long needles. 26 ͑iii͒ In the nanoparticle regime novel predictions are made for the reduced second virial coefficient, including a nonmonotonic dependence on the ratio of rod thickness to particle diameter, and the emergence of a minimum in B 2 ss as a function of rod concentration. As expected, 6, 8, 38 in the D ϾL regime B 2 ss is much more attractive based on the HNC closure for colloid-colloid direct correlations. In all cases, systems with ideal rods result in stronger induced attractions as manifested in a more negative B 2 ss , thereby demonstrating that rod-rod repulsions in the isotropic phase can significantly reduce depletion attraction. Our primary conclusions for dilute polymer mixtures are as follows.
͑iv͒ Good agreement between PRISM-PY and SPT is found for the single needle or spherocylinder insertion chemical potential for all system parameters, although PRISM-PY systematically predicts quantitatively smaller values around the LϷD crossover region. The influence of macromolecular geometry was studied by comparing predictions for rigid rods and ideal coils. Which architecture is more difficult to insert into the sphere fluid was found to depend on L/D and fluid packing fraction.
͑v͒ For both the colloidal and nanoparticle regimes, the rod-sphere site-site pair correlation function crosses over from a featureless monotonically increasing function of separation ͑classic ''depletion hole'' form͒ at low colloid volume fraction, to having strongly oscillatory features at higher particle densities due to ''imprinting'' of fluid local order on the spatial distribution of rod segments in the available free volume. The local depletion layer becomes less shallow with increasing particle density due to many particle screening effects.
͑vi͒ As particle density increases, the PMF between rod sites on different polymers evolves from a purely repulsive form, to one containing a primary attractive minimum, to an oscillatory form with a primary repulsive barrier which can be ϳ1 -10 k B T ͑on a total molecule basis͒ depending on system parameters and which is strongly amplified as D/L increases.
͑vii͒ The reduced rod-rod second virial coefficient is found to be strongly negative over a wide range of particle densities, and more so as D/L increases and/or the solvent quality is ideal. A novel nonmonotonic dependence of B 2 pp on sphere density in the DӷL colloid regime is predicted. In the nanoparticle regime, B 2 pp displays weaker attraction as the particle diameter gets smaller relative to the rod thickness. However, even in the dϾD ''solvent'' limit significant attractions remain and the continuum vacuum solvent result is not recovered.
Our results can be systematically tested by computer simulation, with the nanoparticle regime being especially amendable to study. Static light scattering 44 and optical tweezer 47 methods can be applied to experimentally test our predictions for the second virial coefficients and depletion potentials. On the theoretical front, generalization of PRISM to self-consistently include nonlocal entropic repulsion effects 7, 8 between particles and rods needs to be pursued, which is especially important for depletion potentials of D ӷL colloidal systems and phase transition phenomena at nonzero concentrations of both species. 5, 7, 48 The possibility now exists of also treating the nematic liquid crystalline rod polymer regime using PRISM theory. 49 Finally, a successful theory of the rod-polymer limit can be combined with recent progress for fully flexible chains to treat the interesting case of semiflexible polymers ͑e.g., DNA͒ mixed with spherical particles.
